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AN INTEGRAL EXPRESSION FOR THE DUNKL KERNEL IN THE 
DIHEDRAL SETTING 


M. MASLOUHI 


Abstract. In this paper, we establish an integral expression for the Dunkl kernel in the 
context of Dihedral group of an arbitrary order by using the results in mi where a con¬ 
struction of the Dunkl intertwining operator for a large set of regular parameter functions 
is provided. We introduce a differential system that leads to the explicit expression of the 
Dunkl kernel whenever an appropriate solution of it is obtained. In particular, an explicit 
expression of the Dunkl kernel Ef^(x, y) is given when one of its argument a; or j/ is in¬ 
variant under the action of a known reflection in the Dihedral group. We obtain also a 
generating series for the homogeneous components Em{x,y), m £ Z"*", of the Dunkl 
kernel from which we derive new sharp estimates for the Dunkl kernel when the parameter 
function k satisfies Re(fc) > —u, v an arbitrary nonnegative integer, which, up to our 
knowledge, is the largest context for such estimates so far. 


1. Introduction And Preliminaries 

In 121, Dunkl defined a family of first-order differential-difference operators associated 
to a Coxeter group. These operators generalize in a certain manner the usual differentiation 
and have gained during recent years considerable interest in various fields of mathematics 
and also in physical applications (see lfT4l [TSi 0 and the references therein). Our paper 
gives some new results around the Dunkl kernel lfT4l which is a key tool in this theory and 
whose expression is unfortunately known explicitly only in few cases. 

In this paper, we use the results in ifT^ to establish an integral expression for the Dunkl 
kernel in the context of Dihedral group of an arbitrary order. This allows us to obtain 
the explicit expression of the Dunkl kernel Ek{x, y) when one of its argument x or y k 
invariant under the action of a known reflection in the Dihedral group. We obtain also 
a generating series for the homogeneous components Em{x,y), m G of the Dunkl 
kernel from which we derive new sharp estimates for the Dunkl kernel when the parameter 
function k satisfies Re(fc) > —i/, i/ an arbitrary nonnegative integer, which, up to our 
knowledge, is the largest context for such estimates so far. 

The paper is organized as follows. The remaining of this section serves to introduce 
concepts and notations needed for the sequel. In section we set up the Dihedral group 
setting and we establish an important relationship between the homogeneous components 
Em, m G of the Dunkl kernel, which turn to be crucial for our integral representation. 
In section[3] we introduce and study a fundamental differential system whose solutions are 
closely related to the explicit expression of the Dunkl kernel. Sectionj^establishes the in¬ 
tegral expression for the Dunkl kernel and finally section|^is devoted to some applications. 
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Fix a reduced root system R (see 11) and consider its associated Coxeter group G 
generated by the reflections cTq where a G R and 

aa(x) := X — 2 {x, a) a/ |a|^ , (x € 

Here (, ) denotes the canonical inner product in the space and || || its euclidean norm. 
We extend the form (, ) to a bilinear form on x again denoted by (, ). 

Throughout the paper, if H S ||i?|| stands for the supremum norm of B. 

The action of G on functions f : —)■ Cis defined by 

(1-1) Lg{f) := f o g-^, gGG. 

Set i?_|_ := {a G R : {a, j3) > 0 } for some P gR‘^ such that {a, / 3 ) ^ 0 for all a G R. 
Let fc be a parameter function on R, that is, fc : i? —>^ C and G-invariant. 

For ^ G K”, the Dunkl operator Tj on associated to the group G and the parameter 
function k is acting on functions / G C^(R‘^) by 

Ti(k)f(x) = d^f(x) + A:(a) {xGR"^). 

aeR+ WjS:; 

Let M be the vector space of all parameter functions and set 

:= {fc G M : kei{mk)) = C • 1} . 

M’'®® is called the set of regular parameter functions. 

We let Vm, xn G denotes the space of all homogeneous polynomials of degree m 
in the C-algebra H^^ := Cp'^]. 

It has been shown in H and IT] that for each k G M’'®® there exists a unique isomor¬ 
phism 14 of H'^, called the intertwining operator, satisfying 

(1.2) Vk{Vn)cVn, Vkil) = l and T^Vu = Vud^, G K''. 

The Dunkl kernel or the generalized exponential Ek{-, •)> is a key tool in the Dunkl’s 
theory and it was introduced Q as the unique function satisfying 

L;fc(0,y) = l, T^Ekix,y) = {^,y) Ekix.y), ^,xGR‘^, yGC‘^. 

Further details about this kernel may be found in iflTl |5l . 

The expression of the kernel Ek is known explicitly only in few cases. Following ina 
we have 

OO 

Ek{x,y) =Y a; G y G C"*, 

m—Q 

where 

(1-3) Em{x,y) ■-^^Vk{{-,y)"^){x), 

for a large set M* of regular parameter functions k presented later in this section. 

We recall from ca some notations used along this paper. We consider the operator A 
acting on functions / : > C by 

(1.4) E 

I3&R+ 

where Lg is defined by CD- It is clear that A leaves invariant the space Vm for all 
nonnegative integer m, thus Am := A^-p^ is an endomorphism of Vm- 
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Let M* denotes the set of all parameter functions for which the operator 

Hm := + "f) - Am)~^, 7 — X! 

is dehned for all m > 1. When k G M*, dehne the operator H by Hyp^ := H^. 

Appealing to ifT^ . M* includes the set of all parameter functions whose real part is 
nonnegative and M* C Moreover we have the crucial result: 

Theorem 1.1. ifT^ Assume that k G M*. Let m be a positive integer and p G Vm- Then 
we have 


Vk{p){x) = '^XjVk{dj{Hp)){x), {x G 

j=o 

2. The Dihedral Group Setting 

In this section, we suppose that the Coxeter group G associated to the root system R is 
the Dihedral group of order 2n where n > 2 is arbitrary. 

Vn is the symmetry group of a regular n-gons in the plane Using the identi- 
hcation = C and letting w := then an associated positive root system is 

R+ = {iwGj = 0,... ,n — l} while the rotations and reflections in are given re¬ 
spectively by Tj-.zv^ z'uP'^ and : z i—>■ j = 0 ,..., n — 1 . 

Taking r = ri and cr = cto, we may then write = D+ U with 

( 2 . 1 ) X>+:= = 0 , ...,n- 1 } and X>“ := {rV, j = 0 ,..., n - 1 } . 

It is worth to note that one has ara = r~^ and 

n—1 

( 2 . 2 ) r^x = 0 , 

j=o 

for all cc S It is also important to keep in mind (see || 6 ] Theorem 4.2.7]) that in our 
setting the reflections in are given exactly by the set T>~. 

In all the sequel, we fixe an arbitrary integer n > 2 and consider as above. We will 
also suppose that the parameter function k is constant, that is k := k{a) for all a G R+. 
Although that in our setting we have 7 = nk, we will always write 7 instead of nk to 
conserve the standard notations for this theory. 

With these settings in mind, the operator A given by ( |1.4| l rewrites 

n—1 

(2.3) A = 

i=0 

The next result pursues the developments in ifT^ and gives more elements in the set 
M*. Further, it makes concrete the action of Hm on polynomials. 

Proposition 2.1. Consider k G C such that 

(2.4) 

Then k G M*. Moreover, in this case the operator Hm is given by 

n—1 n—1 

Hm{p){x) = Y, aj{m)p{r^x) + Y bj{m)p{Hax), 
j=o j=o 
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for all positive integer m, where for j = Q,... ,n — 1 , we set 
1 

-II--jT 

TO + 7 nm[m + 

with Sjfi = 1 if j = 0 and Sj^ = 0 otherwise. 


Uj (to) = S 


7) (to + 27) 


and bj(rn) = 


nm(m + 27) ’ 


Proof. Take k G C satisfying ( | 2 . 4 | l and fix any positive integer to. From ( | 2 . 3 | l, we see that 
A = 'yL^R where R := ^ ^j=o is a projector. 

Hence, each polynomial p G Vm decomposes uniquely as p = pi + P2 where pi,p2 G 
Vm with A{pi) = 0 and A{p2) = ^LcrP2- Therefore we get, 


((to + 7) - A)pi = (to + 7)pi and ((to + 7) - A)p2 = ((m + 7) - 7L„)p2- 
By view of 7^ { — ^,toG 1 A }, we may dehne the operator A in Vm by 

1 


A(pi) = 
A(P2) = 


- 

TO + 7 

TO + 7 


7 


P2- 


^m{m + 2 'y) to(to + 27 ) 

A straightforward calculation shows that VF o ((to + 7) — A) = thus k G PI* and 

A = Hm- Further, since 7P2 = LaA{p), we get 


Hm ijp) — 


1 


:P + 


7 


(to + 7) to(to + 7)(to + 27) 
1 , 7 

— - P —j— I 111 '.j .1 

(to + 7) to(to + 7)(to + 27) 

and the proof is complete. 


P2 + 


to(to + 27) 


LcrP2 


L^Aijp) 


1 


to(to + 27) 


A(p), 


□ 


From now on, we assume that the parameter function k satishes the condition (| 2 . 4 |l. 


the proposition below gives a useful relationship between Em+i and Em- 
Proposition 2.2. For all m G 1A and all x,y GMf we have 

n—1 n—1 

Em+i{x,y) = ^ aj{m+l) {Px,y) Em{r^x,y)+'^ bj{m+l) {Pax,y) Em{P(JX,y) 

j-O j=0 

where the constants aj, bj, j = 0,... ,n — 1 are given by Proposition \2.1\ 

As an important consequence of Proposition |2^ with ( |2.2| ) in mind, one has 

(2.5) Ei{x, y) = {x, y), x,y gR^. 

1 + 7 

In the remaining of this section, we will proceed to construct a sequence that turn to be 
an essential ingredient for the expression of the Dunkl kernel. Before to go on, we need to 
introduce some additional notations. 

For a positive integer to, we set Im ■= diag(l,..., 1) G 

For X G we dehne its rank one associated matrix X (g) X G by 

X0X := X x*X. 

For x,y G we dehne the diagonal matrix D := D{x^ y) by 

(2.6) D{x,y) ■.= d\a.g{{Px,y) , j = 0,..., n - l) G 


Based on the dehnition ( | 1 . 31 >, Theorem | 1 . 1 | and a direct application of Proposition | 2.1 
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Finally, we define the one column vectors W, Wg G by 

(2.7) 1^:= [1,...,!]^ and := [1,..., 1,-1,...,-1]^. 

In the sequel we will always identify with C™, m>l. 

For X, 2 / G consider the vector Xm := Xm{x, y) G C" whose components are given 
by: 

Xm,i{^^ y) = Em{r'‘x, y), * = 0,..., n - 1. 

For the sake of simplicity, we will omit the dependance on ?/ or on x and y together, 
when there is no need to reveal them. For instance, we will write, Xm,i{x) in place of 
Xm,i{x, y) and D{x) or D in place of D(x, y) and so on. 

By Proposition |2.2| and using notation modulo n for the indices we get for f = 0,..., n— 1: 

= Em+l{Ex,y) 

n—1 n—1 

= + X,y) X,y) + + 1) {E~^ax,y) Em{E~''cFx,y) 

j=o j=0 

n—1 n—1 

= ^ aj-i{m + 1) {Ex,y) Em{Ex,y) + ^ bj+i{m + 1) (Eax,y) Em{Ecrx,y) 

j-o i=o 

n—1 n—1 

= ^ aj-i{m + 1) (Ex,y) Xm,j{x) + ^ bj+^{m + 1) {Eax,y) X^jicrx). 
j=o j=o 

The n latter equations for f = 0,..., n — 1, can be gathered in a matrix form as follows: 

(2.8) X„+i(x) = AmE(x)Xm(x) + BmD{crx)Xm{<Jx) 


where the matrices Am and Bm are defined by 


(2.9) 


Am • — 


TO + 1 + 7 n{m + 1 )(to + 1 + 7 )(to + 1 + 2j) 


o„ 


( 2 . 10 ) 


Bm ■■= 


7 


:On. 


n{m + 1 )(to + 1 + 27 ) 

where On is the square matrix of order n whose entries are all equal to 1. This leads to 


Xm+l {Xj y') 
_Xm+i{crx,y) 

where Wm is defined by 

1 


Wm ■■ = 


TO + 1 + 7 


-h 


= yVmD{x,y) 


7 


Xm{x,y) 

Xm{<JX,y) 


Noting that 


m+ 1+7 

On 


On 


On 


7 


7n+l+7 


Or. 


nijn + 1 )(to + 1 + 27 ) 
TO + 1 + 27 


m+ 1+7 

On 


On 


On 


1 


m+ 1+7 


On 


2{m + 1 + 7 ) 


W(g)W- 


TO + 1 


2 (to + 1 + 7 ) 


Wg 0 


and setting 
( 2 . 11 ) 


Xm :— Tm(:r, y) — (l + 7)r 


Xm(x, y) 

Xm{crx,y)_ 

where (1 + 7 )^ is the Pochhammer symbol, we get the starting useful relationship: 


( 2 . 12 ) Ym+l=DYm + 


2n{m + 1 ) 


{DYm,W)W- 


2n{m + 1 + 27 ) 


{DYm,Wg)Wg 
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for all m e Z+. Next, an easy induction gives 


in - 
^ 7 = 1 ^ 

(2.13) 

for all positive integer m. 

From p.5| l and ( |2.12| i we get Yi = DW and the equation ( |2.13| l rewrites 

m - 

Y^ = D^W + — V - {DY_i,W) 

2n j 

(2-14) 

1=1 ' 

for all positive integer m. Taking the scalar products of the both members in p.l4| i with 
DW and DWg respectively, we get 

m 

{Y^, DW) = {D'^+^W, W") + E E ^ (Y,-i, £>VF) {D'^-^+^W, W") 

2” ,=i j 

m I 

(Ol'i-.. IT.) ir) , 

3 —2 


(2.15) 


and 


(2.16) 


HL ^ 

{Y^,DWs) = {D-^+^Ws^W) + ^E - (^ 1 - 1 ’^^) {D'^~^^^Ws,W) 

” 1=1 
m 

- ^ Z TT^ ir.) (D-“^+‘ir, ir>, 

1=2 -1 ' 

for all m > 1. The equations ( |2.15| l and ( |2.16| l are the fundamental pieces of our main 
result. 


3. The Group Associated Differential System 

In this section we present and study a differential system related to the Dihedral group 
Dn, which we will refer to in this paper, simply, as the group differential system since. It 
will be shown in section[^and[^ that the explicit expression of the Dunkl kernel as well as 
its integral representation are closely related to this differential system. More precisely, we 
get the explicit expression of the Dunkl kernel whenever we get an appropriate solution of 
the homogeneous differential system associated to the group differential system. 

Before to pursue our developments, we need to introduce some specific additional no¬ 
tations here. Recall that for B G ||i?|| will denotes its supremum norm, while for 

X G C^, ||X|| stands for its euclidean norm. 

In all the sequel we fix cc, y G and we define 

(3.1) a(a:,y) := max{|(ga;,y)|, g G T>„} . 

In order to include the case a(x, y) = 0 into our developments (especially when a: = 0 
or y = 0), we will allow = -foo when a(x, y) = 0. 
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For 0 < p < + 00 , Dp is the open disk in the complex plane C centered at 0 with radius 
p if p < +c» and the hole plane C otherwise. We let also D* := Dp — {0} denotes its 
associated punctured disk. 

Dehne the functions g and ps by 


(3^2) 

,3.3) = 

i=0 ' ’ i=0 


Finally, consider the C^-valued function A given by 


{r^ax,y) 

1 — z {r'^ax, y) ’ 

{r'^(jx,y) 

1 — z (rVcc, y) 


(3.4) A{z) := A{z,x,y,z) = 

2n 

A is a C^-holomorphic function in D i with h(z) = 

(3.5) 


g{z) -gs{z) 
9s{z) -9{z) 


Bp{x,y) 


n—1 



{Bx,yY^^ + {r^ax,yY^^ 


- Ur’-x^yY'^^ - {r^ax,yY~^^) 

- Yr"x,yY~''^ + {r^(Jx,yYj 


From now on, for the sake of simplicity, we will always omit the dependance on a: or y 
or both when there is no need to reveal them. 

Consider the group differential system 


(3.6) 


X'{z) = 


9{z) 

9s{z) 


Yi9(z) -^9s(z) 


9s(z) -(Y + Yi9(z)) 


X(z) 


and its associated homogeneous system 

Y.9iz) 


(3.7) 


X'iz) = 


-Y.9s{z) 
Yi9siz) - (^ + ^giz)) 


X{z). 


An important tool for our developments is given by the next proposition. 


Proposition 3.1. Fix i? > 0. Let X be a C'^-valued holomorphic function in D/j solution 
of ( |3.7[ ) in DJj and vanishing at z = 0. Then X = 0 in D/j. 

Proof Let i? > 0 and X be as in the Proposition [TT] We have then 

(3.8) zX'{z) = -27J X X{z) + zA{z) x X{z), 

for all z G DJj. Here A is the function defined by ( |3.4| ) and J := ^ ^ . 

Since JX (0) = 0 we see that ( |3.81 l holds for 2 : = 0 as well. 

In other hand, by analyticity argument, there exists a sequence Ap := Ap(x, y) G C^, 
P € Z+ satisfying X{z) = -^pZ^ for all 2 G Djj and an easy calculation shows that 

p.8| l equivalents to 

+ 00 +00 +00 

(3.9) ^pAp2P = 27J^Ap2P + ^Cp2P+i, 

p—1 p—Q p—0 

where Cp = X]fc=o Bk^^p-k and the matrices Bp are given by (|3.5|l. 
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View of ( |2.2[ ) we see that Bq = 0 and then ( |3.91 l rewrites 

+00 +00 +00 

^ pApzP = 27 J ^ A^zP + ^ Cp_izP, 

p—1 p—Q p—1 

for all 2 G D/j, which in turn, since JAq = 0, equivalents to 

p-i 

(3.10) Glp = (p + 27J)-i^Bp_,_i2l„ (p>l). 

k=0 

Note that by our assumption on the parameter function fc, the matrix (p + 27 J)“^ is well 


defined and an induction yields Ap = 0 for all p G Z+. 


□ 


The next theorem is the last rock in our developments and is the fundamental one. 

Theorem 3.1. There exists a constant <5 > 1 not depending on (x, y) and a C'^-valued 
holomorphic function Q in D 1 vanishing at z = 0 and solution of ( |3.6| l in D 

/S n t :r. 7/1 


5 a(x,y) 

-v+OO 


5a(x,y) 


Q is defined by Q{z) = ^p^^ where := y) € given by: 


(3.11) 


Avi 


2n 


',0 


Ap 


P+27J 


p-1 


Here the matrices Bp are given by (133|. 
The coefficient Ap satisfies 


(3.12) 


2n 


^pll < -j;:^ {5a{x,y)Y . 


for all p G lA'. Moreover, each C^-valued holomorphic function in Dp, p > 0, solution of 
in Dp and vanishing at z = 0 coincides with Q in the disk Dp n 1 


6a(x,y) 


Proof Assume for now that Q exists and is as in Theorem |3.1| Then since (5(0) = 0, the 
last part of Theorem 3.1 follows immediately from Proposition |3.1| 

Now we will proceed to construct the function Q. First of all note that the relationship 
( |3.1 l| l define a unique sequence Ap G depending only in {x, y) and, view of ( |3.5| l, an 
easy induction shows that the components of Ap(x, y), p G Z+ are in fact homogeneous 
polynomials of degree p with respect to x and y. 

Further, it is easy to see from (|3.5|l that 


(3.13) 

for all p G Z+ and then 

(3.14) 

where we have set 


\Bp\\ < I7I (a(a;,y))^+^, 


r P-1 
^ i=0 


S :=2 I 7 I sup < 1, 


P 


I '\p + H 

Note that up to consider max(l, 6), we may and will supose that 5 > 1. 

Suppose for a while that a{x, y) > 0. Then since 5 > 1, the inequality p.l4| l yields 

p-i 




r> 




{5a{x,y)f pj^^{5a{x,y)) 
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and an immediate induction gives 

(3.15) Ppll < ((5a(x,j/))^ Poll, 

for all p G View of ( |3.14| i, we see that ( |3.15| l holds also when a(x, y) = 0. 

Further, the function Q defined by Q{z) = is holomorphic in D_i_, 

vanishes at z = 0 and the same arguments used in Proposition [TT] show that Q is solution 
of (|3.61l in D* 1 , which completes the proof. □ 

- 5a(x,y) 

The next result solves the group differential system in the case where x or y is cr- 
invariant which allows us, in section]^ to obtain the explicit expression of the Dunkl kernel 
in this context. 


Corollary 3.2. Assume that x or y is a-invariant. Then the function Q defined in Theorem 
|3.7| /.y given by 

(1 - z(r*x,j/))"'=,0 I , z e D 1 

' ' I Sa{x,y) 

for some 5 > 1, where we make use of the principal determination of the z i-G- (1 — z)~^ 
in the unit disk D. 


OW = -x: i-n 


2=0 


Proof. Suppose that x is a-invariant, then we get gs{z) — 0 and 


= 2^ Y 


{r"x,y) 


i=0 


. 2 /)’ 


where g and Qs are given by ( |3.2| i and ( |3.3[ ). In this case, is it easy to verify that the 
C^-holomorphic function 


X{z) :=-Ml-Jf(l-z(rP2/))-^0 
\ 2=0 

is solution of p.6| > in D i with X(0) = 0. 

Since gs(z,x,y) = gs{z,y,x) and g{z,x,y) = g{z,y,x) then the same result holds 
when ay = y. Now Theorem |3T] ends the proof. □ 



4. An Integral Expression eor the Dunkl kernel 

This section is the last step towards the main result of this paper. We will gather here 
all the work done in the previous sections to derive out an integral expression for the 
polynomials Em, m G which, as a consequence, provides an integral expression 
for the Dunkl kernel. We mention here that in Cl, an integral representation of Ek was 
obtained for the rank-two root system A2. Also, based on the results of na and uni 
Chapter 3], the authors in iflOl present another version of ||2l. 

Let Q(z, X, y) := (Qi(z, x, y),Q 2 {z, x, y)) G be as in Theorem 


(4.1) ^{z,x,y) :=- h Qi{z,x,y) - Q 2 {z,x,y). 

7 

Our first main result is the generating series of the polynomials Em given below. 


3.1 


and set 
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Theorem 4.1. There exists a constant <5 > 1 such that for all x,y G and 0 < p < 
. we have 

da(x,y) 

(4.2) 


Em{x,y) = 


7/2n 1 


$(z,a;,y) dz 


(1 + 7)m 2z7r I- z{x, y) ’ 

Here $ is defined by ( |4.1[ l. By consequence we get 

+ 00 

IT '!• 'll \ /'n 

(4.3) 


^{z,x,y) 2n ^ ^ ^ 

^ ^ (1 y)- 

l-z{x,y) 7 ^ 


m—O 


Proof We use notations ( |2.6| l and ( |2.7| l where, once again, we omit the dependance on 
{x,y). Consider the functions /, fs, F and Fg defined by their respective power series 
where as follows: 

OO OO 

f{z)=Y^ {Y ,, DW) z^ , fg {z) = 5] (Y ,, DWg) z^. 


i=i 

OO 


i=i 

OO 


= E 7 iY,_,,DW) zf Fg{z) = Y, (y,_i, DWg) zF 

i=i ^ i=i ' 

If we let 5 = S(n, k) := maxmgZp (Iiv4m|| + |jSm||), where the mati'ices Am and Bm are 
given by ( |2.9| l and p.l0| l, then we see from ( |2.1 l| l and ( |2.8| l that 

||17n+i|| < 5a{x,y) ||y„^|| , 

for all m G Z+. We deduce that 

\\Ym\\<{6aix,y))'^\\Yo\\ = i6aix,y))^, 

which leads to 

\{Yj_i,DW)\< {da{x,y)y and | < (,5a(a;, y))-^ , 

for all j > 1. This shows in particular that F and Fg are holomorphic functions in ] 
satisfying F{0) = Fg{0) = 0. Further, a straightforward calculations yields 

Ffz) = f{z), F'g{z) = fg{z) - —Fg{z) 

z 

for all z G D i From the equations 0.151) and (12.161) we see that (F, Fg) is solution 

Sa{x,y) ' ' ' ' 

of the differential system ( |3.6[ ) in D * i . 

5a{x,y) 

Note that, up to increase <5, one gets by use of Theorem 3.1 that {F{z), Fg{z)) = Q{z) 
for all z G D i . 

Sa(x,y) 

By their definitions, we have for all j > 1 and for all 0 < ^ < that 

Gi(z) 


Sa(x,y) 


Urj-i,DW) = ^ f 

' 2z7r 


Z^^^ 2tTT 


|z|=p 


zJ+t 


dz, 


and 


1 


j + 27 




z^^^ 2*7r 


|z|=p 


G2iz) 

zJ+1 


dz. 
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All of this yields to 



Finally, taking the scalar product with (1,0,..., 0) € for both members above, we get 



The last equation is obtained noting that ^ I\z\=p The result 

follows noting that the right member in ( |4.4| i is nothing but the coefficient of order m in 
the Cauchy product of with the power series y)^ ^ 


In the sequel we will define J \= J (fc, n) as the set of all real numbers J > 1 satisfying 
Theorem 4.1 View of Theorem 4.1 and the analyticity of the function z i—<i)(z), it is not 
hard to see that actually J' is an interval of the form (inf J, +oo [. 

For i5 S i/, x, 2/ G and 0 < p < define the kernel 


(4.5) 


K(f,(5,p,a;,y) := 






2n 2m z[\-z{x,y)) 

where $ is defined by ( |4.1| ). Our integral representation for the Dunkl kernel now reads: 

Theorem 4.2. Assume that Re(7) > 0. Then for all S £ x,y G and 0 < p < 
we have 


Ek{x,y)= [ {1-ty ^K{t,S,p,x,y)dt, 
Jo 


where the kernel K is given by (ig 


Proof. Assume that k £ M* and fix S £ ff, x,y £ Le t p be any positive real number 
such that p < . Appealing to IfT^ and Theorem 


4.1 


we have 


Ek{x,y) = Em{x,y) 

m—0 

= — — / 4»(z,x,2/) / ^ I l\ 

2n 2m z{l - z {x, y)) (1 + 7 )^ z^ j ^ 
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Now if we assume further that Re(7) > 0, then from lUl p. 505], we get 


Ek{x,y) = 


<^{z,x,y) 


2n 2iTT z{l - z {x,y)) 

which completes the proof. 




^e^dt 1 dz. 


□ 


5. Applications 


This section gives two important applications of the integral representation established 
in the previous section for the polynomials Em, m G Namely, we will derive out the 
explicit expression of Em(x, y) when one of its arguments a:: or y is cr-invariant and we 
will also give sharp estimates for the Dunkl kernel when Re(7) > —v and i/ G Zp. 

We begin by the explicit expression, and for simplicity, we write here j/n = k when it 
is needed. 

Theorem 5.1. Let x,y G Assume that x or y is a-invariant then for all nonnegative 
integer m we have 


Emi^x, y') — 


1 


(1 + 7 )^ 


E E n 


{k\ 


{Ex,yy' {x,y) 


m-j 


j=0 yi/oH-|-!^Ti-l=i i=0 

Proof. Assume that x is a-invariant. From Corollary |3.2|and ( |4.1[ ), we see that 


2 ■ 

x,y) = z {Ex, y)) 


-k 


z=0 

n— 1 oo 




i—0 lAi—O 


Whence 


$(z,a:,y) = -E E 11 


(k). 


{Ex,yy 


m—0 Vi^oH-^=0 


and Theorem 4.1 ends the proof. 


□ 


The next theorem gives new sharp estimates for the homogeneous components of the 
Dunkl kernel when Re(7) > —v, v G Z+, which are used next to derive appropriate 
ones for E^. We point out here that in lfT3l and lfT4l other concise estimates for E^ are 
given when k is nonnegative or with nonnegative real part respectively. 

Theorem 5.2. Assume that Re(7) > —v where v is a nonnegative integer. Then there 
exists a constant (5 > 1 and a positive constant C := C{n, k, v) such that 




\Em{x,y)\<C - —{6a{x,y))^, (m > 1), 


m\ 


for all X G y G C^. 


Proof. First of all by analyticity argument. Theorem 4.1 holds for a; G and y G as 
well. In other hand, recalling the definition of the function Q given by Theorem 3.1 we 
know that there exists a constant 5 > 1 such that 

IIQWII < £ ||7l,|| |zr < {5a{x,y)f Poll = ^t^slix]y)\z\ ’ 
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whenever Sa(x, y) \z\ < 1. Fix this constant S. Since Aq = ( — ,0), this entails 


|$(z)| < 

Whence 

(5.1) 


— +Qiiz) 
1 


\Q2iz)\ < 


1 


|$(Z)|< 


1 - 6 a{x,y) |z| 
4n/ I7I 


Poll 


Sa{x,y) l^l 
1 - Sa{x,y) |z| 


Poll . 


1 - Sa{x,y) \z\ ’ 


whenever Sa{x, y) \z\ < 1. From Theorem 4.1 we infer that 

2 1 1 
“ 1(1+ 7)^1 (l-p 5 a(a;,y)) 2 p’" 
for all p > 0 such that p 6 a{x, y) < 1. Put p = to get that 

2 {5a{x,y))^ 


\Em{x,y)\ < 


|(l + 7)m| f-(l-f)2 


for all t €]0,1[. Taking the infimum over all t s]0,1[, we obtain 

p2 (jj. 2)2 

(5.2) \E^{x,y)\ < - ^ ^ / . {Sa{x,y)r, 

2 |(l+7)m| 

for all m G . Now, assume that Re(7) > —v for some v G fix a positive integer m. 
If 1/ = 0, then it is clear that |(1 + 7)m| > m!. Suppose that ly > 1, then we get 


|(l+ 7 )m| > (w - J^)! I7 + j| , 

i=i 

for all m > + 1, and then for both cases, from ( |5.2| l we may write 

lEUx,y)l < -(Sa(x,y)r < C2^(Sa(x,y)r 

ml ml 

for all m > 1/ + 1, for some positive constants Ci, C 2 depending only on n, k and i/. To 
complete the proof it suffices to choose a positive constants C 3 such that 

(m + 2)^ 

2 1(1 + 7)m| ~ ^ ml 

for all m = 1,..., z/ + 1. □ 


Corollary 5.1. Assume that Re(7) > —v where v is a positive integer. Then there exists a 
constant <5 > 1 and a positive constant C := C(n, k, v) such that 

\Eu{x,y)\<C{5a{x,y) + ir+\^'^<^^^y\ 

for all cc S and y G C^. 


Proof. Using the fact that Ek{x, y) = X]m=o Em{x, y) the result of Theorem 
that there exists (5 > 1 and a positive constant C := C(n, fc, v) such that 


5.2 


we see 


°° (rri A- ^ )'^+2 

\E^{x,y)\ < C ^ ^ ^ / {5a{x,y)r, 

m\ 

m—Q 

for all X G y G C^. Noting that 

(to + < {m + v + 2)(to + z^ + 1) X • • • X (to + 1), 
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for all m £ z+, one gets for some positive constant C, 


\Ek{x,y)\ < C 


du+2 

dz''+‘^ 


(z"+2e") 


\z—5a{x,y) 


hence for some constant C, that changes from line to line, we have 

\Ek{x,y)\ < C {{5a{x,y)Y^'^ H- V 5a{x,y) + l) 

for all X € y € C^, from which the proof follows. 


□ 
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